A study of finite and linear elasticity by Johnson, Fen Rui
California State University, San Bernardino 
CSUSB ScholarWorks 
Theses Digitization Project John M. Pfau Library 
1996 
A study of finite and linear elasticity 
Fen Rui Johnson 
Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project 
 Part of the Mathematics Commons 
Recommended Citation 
Johnson, Fen Rui, "A study of finite and linear elasticity" (1996). Theses Digitization Project. 1096. 
https://scholarworks.lib.csusb.edu/etd-project/1096 
This Project is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has 
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks. 







































Dr. Chgtan Prakash, Mathematics
Dr.U. Paul Vicknair, Department Chair, Mathematics
ABSTRACT
 
The purpose ofthis paperisto study the basic conceptsoffinite and linear elasticity
 
such as stress,strain and displacement,and tofind outthe relationship betweenthem.Itis
 
importanttoknow thatlinear elasticity isthe specialcaseoffinite elasticity.Althoughlinear
 
elasticity wasdevelopedfromfinite elasticity,they have very differentcharacters.Thiscan be
 
























STRESS -STRAIN RELATION....... ...40
 






















A bodyB is a closed,connected setin with piecewise smooth boundary.
 
PointsinB are called materialpoints and are denoted by p.
 










The pointu(p)is the place occupied by p in the deformation u.F=Vuisthe deformation
 
gradient. Vuis a tensorfield with components(Vu)y= dU;/ dp^.Thus,wecan think of
 




WeletF^denote the transpose ofF.
 
A mapping x-»d>tx')with domain uCBlis called a spatialfield. '
 
Infinite elasticity surface forcescan be modeled assmoothfunctionst which
 




t(n,x)representstheforce per unitarea atx on any oriented surface through x With
 
positiye unitnormaln.Thereasonthe surfaceforceis defined this wayis because wetreat
 
 X as a pointin a deformed body which the surface goesthrough.Surfaceforces arise
 
whenthere isa physical contactwith another body.Bodyforcesmay be modeled as
 




where b(x)istheforce exerted atX per unitvolume.
 


















Note:Tis called theCauchv stress which is usuallyjustcalled stress.Also,the equation
 
t(n,x)=T(x)iiiscalled the constitutive equation,b isthe bodyforce.
 
The mainexample we wish to work outin this chapterisaboutsimple shears ofa
 
homogeneous,isotropic cube.Wesay a materialisisotropic ifthe propertiesrelating to its
 
behaviorunderstress are thesamein any direction ateach point.
 






















B is a homogeneous body,i.e.,B is a body in which the corresponding stressT is
 
constant.Also,T satisfies the equation^ofequilibrium div T=0,forit is knownfrom the
 



















 1 0 0
 




From these we calculate a quantity known asthe leftCauchv-Green strain tensor B=FF^
 
B= 0 1 0 y 1 0
 















































Lb =[li(B),12(B),13(B)]=(3^-Y^ 3+Y^ 1).
 








T T^s 1 0 o" 1+y^	 1 0




T T 0 1 1 0 l+y2 0
 
T T 0 0 1 0 0 1
 


















isa quantity calledthe generalized shear modulus.
 
In linear elasticity theory the normal stressesT,i,T22,and T33in simpleshear are
 








wherex is shear stress(which will be defined in Chapter2)andt=Po+Pj+ pj•
 
Thisshowsthere are relations between shear stress and normal stressin finite elasticity.In
 
orderto produce a pure shear the normal stresses need to bezero.By the equations we
 






then itisimpossible to produce asimple(pure)shear by applying shear stresses alone
 
because according to the equations we have,the normal stresses exist.This will notbethe
 




This example isfrom"Topicsin Finite Elasiticity" by Morton E.Gurtin.
 
Afterthis briefintroduction offinite elasticity,I willfocuson the linear elasticity
 








In a body thatis notdeformed,all partsofthe body arein mechanical equilibrium.
 
This meansthe resultantforce on the body is zero.When adeformation occursthe body
 
will try to go backto its original state ofequilibrium.Forcestherefore arise which tend to
 
returnthe body to equilibrium.Theseforces are called internalforces.Theinterrialforces
 
depend onthe externalforces,the bodyforces and the surfaceforces.Bodyforces are the
 
forcesthatare connected with the massofthe body and are distributed throughoutthe
 
volume ofa body;they are notthe resultofthe contactoftwo bodies.Forces such as
 
gravitational,magnetic,and inertiaforces are bodyforces.They are measuredintermsof
 














 Theinternalforces which occur when a body is deformed are call internal
 
stress.This meanstheintemalforcesbecameinternal stresses under deformation.Ifno
 
deformation occurs,there are nointemal stresses.Theaverageforce perunitareais
 
AF 
■ ■ p — • ■ 
AVE~ • 
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From this we havethe definition ofstress^ whichisthelimitvalue ofaverageforces per
 
unitarea asthe areaof AA^0.
 
.^ p _ lim ^ dF
 
~ AA^O AA ~ dA
 




Onething weshould be clearon is thatstressis nota vector unlessa specific plane
 
is given.This means wecan only representthe stress as a stress vector on a specific
 
plane.When several stress actonthesame plane,atthis pointwetreatstress asa vectorand
 
can useralefor vector addition.Therefore wecannottalk aboutthe stress ona pointsince
 
througha pointwecan draw infinitely many planesand that will give usinfinitely many
 
vectorson different planes.Thus,the stress doesnotbehave asa vector because a vector
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Figure 2.2 Force (a vector) and Stress (not a vector) 
B is a point. ThroughB we draw plane 1andplane 2 and we can see the stress on these 
two lines are different so the stress does not behave as a vector. 
Although we cannot determine stress at a point, we can determine state of stress at 
apointTo determine the state of stress at apoint we determine the stress components with 
respect to the orthognal coordinates.The above example shows that we can determine the 
state of stress at pointB because the description we set allows us to determine the stress on 
every plane that passes point B.Therefore,if we are given the stress on two planes (here 
the stress is a vector), then we willknow the stress vector on any plane that goes through 
the point. 
We conclude that inorder to completely define a stress vector we must specify its 
magnitude, direction and the plane whichit acts on. 
In general,we use the term stress to represent stress vector,stress component,or
 
stress tensor,as will be clearfrom context.
 
There are two waysto express the components ofa stress vector;the x,y,z
 
componentsand the normaland tangential(shearing)components.Inthe case ofnormal
 
and shearing componentsofboth external andinternal stresses weleta representthe
 
normal stress whichisthe componentofstress perpendiculartothe plane on which itacts.
 










Fig 2.3 Normal and Shearing Stress Components
 

































Thismeansthe stresscomponentonthe x plane actingin y directionisequaltothe
 




will have this result.Now let's see how thetransformation equations are developed.
 





a Ax2 xl 
F a £2yi ► 
Fig 2.5 Free body Showing the stress Components on the x' plane 
Let 2:f.= o 
Fxi-Fx2-VAsina=0 
A - Ojj Acosa - Asina=0 
Px= o^cosa + TyxSina (1) 
Similary 
Py= OySina + Xy^cosa (2) 
11 
By projecting and inthe x' direction,we get
 




o^,=o^ cos^a+Oy sin ^a+2\y sina cosa. (3)
 
Similarly, T^,y,=Py cosa-P,^ sina
 
=(Oy-a^)sina cosa+x^y(cos^a- sin^ a). (4)
 








Equations(3),(4)and(5)are the transformation ofstress equations.Thesum ofthe normal
 
























The planes on which the shear stress vanishes are called the principle planes.
 
The normal stresseson these planes are called the principle stresses.To determine
 
the maximum and minimum normal stressona plane,we have
 
















cos2a =±- ^ ^
 
sin2a =±­
Substituting the abovetwo expressionsinto equation(1),we have
 
^ ^ _ rr — ~ . ^^XY
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Bytaldng the second derivative ofequation(6)andevaluating itattworootsof equation
 
(10)weknow that and arethe maximum and minimum valuesofa.
 
Todetermine the particularvaluesof2a(by equation(10))corresponding to eitherOjand
 
O2'itis necessary to considerthe signsofthe numeratorand denominator of
 
The value of2a corresponding to the directorof0jis
 
0<2a<jt/2 if ''^xy >^0 and (a^-Oy)>0
 
7c/2<2a<3T if >0 and (a^-Oy)<0
 
jt<2a<(3y2)jt if T^y<0 and (o^-ay)<0
 
(3/2)jt<2a<27t if x^y <0 and (o^ -Oy)>0.
 

















Since equations(5)and(11)are negative reciprocalsto each other,sothe planesof
 
maximun shear stress are45°from the principal planes.From the equations(5) and(11)
 












Wealready know how to useformulastofind principal stressesand maximum
 




Mohr's Circle enablestofind the principal stressesand maximum shear graphically.
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Oy +Oy \ , .
 
The centeris —— 0 on the o-axis.
 



















Fig 2.6 Mohr's Circle ofStress
 
Mohr's Circle represents the relationship between the normal stress and the shear
 
stressonany given plane.Wecanfindthe magnitude and direction ofthe normal and the
 
shear stressesfora pointon the circle regardless ofthe coordinate system used.
 
When welocate the pointon Mohr'sCircle which representsthe stresses on a plane
 
inclined atananglea with respectto the plane ofOj(assume Ojis given),wejustneed to
 




CT.+ CT« CT. "-CJ9
 












From theseformulas wecanfind the normal and shear stress on x'y plane.In
 
general,every pointonthe Mohr's circle coorespondsto a planein the body under stress
 
and these stresses are given bythe point.
 
The state ofstress ata pointalsoleadsustothe equations governing the variation of
 
the stress componentsin space.Now wecometo the mostimportantpartofthe chapter-

thatis,thedevelopmentofthe differential equationsofequilibrium.The differential
 
variouscomponentsofstress.Itis veryimportantto study the differential equations of
 












Fig 2.7 Stress Variation onanElement
 
Ifthe stress atA is ,with the rate ofchange do/dx of and the distance dxin
 
the X direction,then the stress atBisincreased by amount(do/dx)dx.Here we are
 
assuming thatthe stress componentsandtheirfirst derivatives are continuous.Therefore
 

























Weomitthe second orderterm(dxdy)because itis smallcomparetothefirstorder
 







Fig 2.8 Resultant Force on an Element 
( do^ "l 
dy 
Assuming the depth of the prismin the z direction isunity.By simplifying we get 













By the same assumptionforPj we have
 












From the conclusion above wesee that
 
Totalforce=2ofall theforceson all the volumeelements.
 




Also,by Newton'sthirdlaw the total resultantforce iszero if variousparts ofthe portion
 
ofthe body acton each other.Therefore,the resultantforce can berepresented asthe sum
 
offorces acting on all the surface elements,i.e.,asan integral overthe surface.Forany
 
portion ofthe body each ofthe threecomponentsJFjdv atthe resultantofall theinternal
 














The stress tensor is symmetric i.e., O;^=
 








From the discussion above wecometoanimportantconclusion.Wecan use a
 
simplified sti-ess system thatconsistsofan uniform stress distribution on eachface to
 
















Figure 2.9 Average Valuesofstress on an Element.
 
Here we assumeo,= =Ty,=T,,= =F2=0.
 
We also assume ,Oy ,\y,Ty^ and the bodyforce F,^ and Fy areindependentofz.The
 








dx dy+\o^+ d^xdy-o^dy+ Ir^y+ \dK-x^dx=0
 








+^^ +F^=0 (.-.tA^^y^o) (12).
 
Similarly when 21 y-Forces=0we get
 


























The equilibrium equations wejust developed arefora nQn-uniformly stressed body.
 













The expressionforthe stress tensor is:
 































Landau and Lifshitz[4]pointouta very importantcase,thatis wherethe
 






(1-20)An + graddivu=0. (13)
 




wehave A div u=0.
 










(1)Calculatethe valuesofthe principal stressesandthe anglesbetween the principalaxes
 






o^,=5000psi Xx-Y =-2500 psi Oy,=0
 
(7y, = 0^ COS a+0y sin^ a+2 sina cosa
 














I =(ty -T^)sin 15°cos 15° (cos^ 15°-sin^ 15°)
 








\ 5000= —a -—(5000-aJ+2t •­
^ ^ \ ■^y r\ 
/ -10,000 = 5000- 2a +2 %xy 
{
V 10,000 =So^- 5000S+ X +2t,xy 
/ - 15,000 = -2a +2iS ^ xy 
V 10,000 + 5,OOoS = a;+ 2T,,y 
I- 15,000 =-2a,+ 2 \ 
\ lO,O0OiS +5OOO=6a, + 2i5 
- 2,000 -10,000ifi =-8a, 
-37320.5 =-8a, 
a, = 4665 psi. 
Oy = 5,000 - 4665= 335 psi. 
-15000+2a. -15000 +2 x 4665 . — — ^1638^5/ 
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Ox =3^2+3y^ -z \y=z-6xy -­
o 2 3





a =3x+ y -z+— "Cv.=0




=^6x 6x =0 F =0
 
dx dy dz 
" X
 


































Therefore the state ofstress is in equilibrium.
 
(3)Forthe state ofstress in problem(2)atthe specific point
 








o=3--+3 =3 6 -=-3
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The vector distancefrom the intiallocationto thefinal location ofa pointis defined as
 














Figures.1 Normal Strain in a Bar
 








Toconsider a bodyin a state ofplane strain,wehave
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Figure 3.2 Translation and Deformation ofaTwo-DimensionalElement.
 















Thechange ofshear strain is
 
p + ­
■ . 2 ■
 




Note:weassign tothe clockwise direction and"+"to the counterclockwise direction.
 
ThedisplacementcomponentsofpointA are uand V.
 

















du [ j «?v^
 




(du\ ((?v\ 1 • , 	 1 dy

Since I ■— and — arerelatively small compared to — , so we can neglect them. 






also tan 6= 
dx + [—j<ii: 
Since 0is a small angle, we let tan 0 = 0 
du.






and similarly X,=- ,
 






















Weshould notice here thatthe stresscomponents are distributed overa deformed
 
body,sothe coodinatesforthe equilibrium equations x,y andzare based onthe
 
coordinatesofthedeformed body;onthe other hand the coordinates x,y andzforthe
 
strain-displacementarefor the undeformed body.Howeverwecan still let x,y andz
 
representthe undefottnedcoodinatesin bothequationssincethe deformationis
 




From the strain-displacementrelations weobserve thatthe equation groups have six
 




To derive the strain componentsfrom the equation groups we use u,v and w asfunctions
 
ofx,y and z.That will give us six equationsfor three unknown.These equation groups
 
usually do nothave any solutionfor u,v and w unlessthe six strain components are
 
related.Thatis why weneed compatibility equations.Todevelopthe equationswesimply
 
differentiatethefirstequationofstrain-displacementrelationstwice with respectto y and
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d^s^ i dyy. \ ^ dy^
2
 











dzdx dy dx dy dz I
 
^ d'^  , dY^_ dy^
 2 ^=—
 
dxdy dz ^ dx dy dz)
 




We already know thatthe state ofstress ata pointis uniquely determined ifthe stress
 
componentsontwo planes are given.Thisfactalso appliesto state ofstrain ata point.This
 








£.+ -^y ^ rxy . ^ 
 




s^+e s^-e . 
e , =—— — cos2a sin2a 








From the above equations wecan tell thatthe state ofstrain is uniquely determined
 
in any directionifthe strain components8^ ,8^ ,and Yxy on two planes are given.Also,by
 
replacingaby e and x by ytl,the equationsfor stress are converted to the strain relations.
 












Forthe magnitudesofthe principal strain:
 





Ifweintegrate the strain-displacementrelations to obtain the displacements,then we
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p s^+sy Sx- - y xy . ­


















2.Given thefollowing system ofstrains:
 
_ 2 2 4 4
 








determine ifthe system ofstrain is possible.Ifthis strain distribution is possible,find the
 




Wefirstneed toexamifthey satisfy compatibility equations.
 






















-—f-+——= 12x^+12y^+8,the equation is satisfied.
 
dy^ dx^ dKdy .
 
_JL =o -—^=0 -^=0 -^=0 -^^0
 




























2 ^ ■+—'— + fL 0, so the equation is sastisfied. 
dydz dx dx dy dz 
d^y dSimilarly 2 ^ = — 
dzdx dy dx dy dz 
2^=A(^+ ^ _£L2 
dxdy dzy dx dy dz 
So the strain distributionispossible.Hence 
^x= — = 5+ + y^ + + y"^
dx 
fl^  2 2 4 4\i c I 3 2 ^ 5 4u= /p+ x + y +x +y jdx = 5x+ —x + xy + -x + xy +c 
£ = — =6+3x^ +3y^ + x'^ ^-y"^
dy 
38 
















Thetwo typesoffield eqmtions that weleamfrom chapter2and3are equilibrium
 
equations and the strain-displacementrelations.Theequilibrium equations are based on
 
statics and continuity ofstress whichinvolve stress componentsonly.The strain ­
displacement relationsare basedoncontinuity ofdisplacementsandinfinitesimal
 
deformations whichinvolve strain and displacementcomponents.Inthis chapter we want
 
to see the relationship between the strain componentsand the stress components.Tosee
 
this wefirst need to define whatelastic is.An elastic body is a body that will go backtoits
 
original dimensions aftertheforcesacting on itare removed.Thereason weneed to define
 
thisis because the relationship between thestress componentsandthe strain components
 










Eis constantand is called the modulusofelasticitv or Yoims's modulus.
 








Ox= lE,+Ci^Ey+C138,+ Ci^Yxy+ CisYyz+ CiJ,,
 
Oy=C^jE^+ C22£y+0338;+ C24Y,y+ C25Yy,+Cjj,,
 





'''xy ~^41^x ''42^y *^44Yxy "^^4573^2^^46Yzx
 
V ='^SlSx + Csa^y+ C538Z+ C54Y,y+ +C5
 
■^zx = Cfil£x + ^ 62^y + C63«z + C64Yxy + ^ esYyz + CfisYzx 
The coefficients Cj j...c^grepresent materialproperties ifwe assume anisotropic 
material. These constants must be the same for an orthogonal coodinate system of any 
orientation at the point.For instance, isotropy requires that Cj j, the constant that measures 
the stress component which was caused by (the normal stress in the x direction), 
should also relate to o^,and e^,. 
In this chapter we only consider the "semiemprical" approach whichis guidedby 
experimental evidence to develop stress-strainrelations (Hooke'sLaw).In this approach 
we assume most engineeringmaterials are under small strains. 
o. o. 
Fig 4.1 Element Under Uniaxial Stress 














modulus ofrigidity.K and p are always positive,soPoisson's ratio can vary between -1
 




(material which would expand transversely whenstretched longitudinally).So,in practice,
 
Poisson's ratio varies only between0and ^ .
 
To determine the strain component ,wefirst apply ,the changing onlength
 




Herethe elastic strain(1/E)a^is dropped because itis smallcompareto unity.When
 























Figure 4.3 ElementunderPure Shear
 
Fromfigure 4.3 wecan see the relation between elastic stress-strain under atwo
 
dimensional state ofpure sheeris
 
Y = —T












Gisan elastic constantand called the modulusofelasticity in shear.Sofar we have
 




 r E .
 














^ ~ G ^
 
Where G= / ^ v .2(1+v) 
These equations canbe solved for the stress components in terms of the strain components. 
The result is 
= 2G8,,+ ^ 8,,+Sy+8,) 
Cfy = 2G8y +X,(8,j+8y+8 j 
Oz = 2G8,+X(8,,+8y+8,) 











Besidesthe elastic constantwe have introduced sofar,there is another very
 
importantelastic constantcalled bulk modulusofelasticity.Thisconstantis usefulinastate
 




Fig4.4 Hydrostatic State ofStress
 
(p>0)




















Let 8bethe volumetric strain defined asthe unitchangein volume(changeinvolume
 











































1. A square Duralumin plate isloaded as shown,where
 
=Oy= = 15,000 psi.
 















Solution: o- +T = +r
 










so by using iVIohr's circle ofstress,we canfind the stresses on planes normal and parallel
 
toab. Mohr'sequation tell us
 
the center ofthe circle is (15000,0).
 




 Therefore Oj=30,000psi Oj=0
 
<7,+cr, a,-<7, ^ .
 






















The original length ofAB is'Jl=1.414in.After the pressure is applied,it became
 




= 1.415 - 1.414 =0.001 (in).
 
2.Ifa medium is initially unstrained andisthensubjected toaconstantpostive temperature
 




















Abarrestrained in the x direction only,andfree to expandin the y andzdirections
 
asshown,is subjected to a uniform temperature rise T.Show thatthe only nonvanishing
 






Solution:since the baris restrained in the x direction only andfreeonthe y andzdirection,
 
i.e,there is no stress acting on the y andzdirection,so0^=0^=0.Also 8^=0because
 


























3.Determinethe stress and strain componentsifthe barinthe preceding problem is
 
restrainedin the xand y directions butisfree toexpandin thezdirection.
 
Solution:since the barisrestrained inthe x and y direction,so there isno changing length
 
in the xand y direction and no acting stressonthezdirection.
 






























Puttinga into equation(1),we have
 
EaT ^ ^ 
 































In the previous three chapters weintroduced the 15governing equations which are
 
equilibrium equations,strain -displacementrelationsandthe stress strain relations.These
 
equationsaresometimescalledfield equations.Thecompatibility equationsare not
 
goveming equations sincethey are derivedfrom the strain- displacementequations.The
 
governing equationsenable usto solve varioustypesofboundary value problemsin
 
elasticity.Tosolve an elasticity problem weneed to determine the stress,strain,and
 
displacementfunctions satisfying thefield equationsand the boundary conditions,andthe
 
solutionis unique which we will provein the end ofthe chapter.In this chapter we only
 





Figure 5.1 Surface Forces.
 
Thefollowing are the stress boundary condition equations.
 




— aunitvector normalto the surface and going outward,
 
Xq, Yq,Zq — coordinates ofpointsonthe boundary surface.
 
O^o — stresscomponentsevaluated atthe boundary (x^, y,,, Zq).
 










A first boundary-value problem in elasticity is a problem in which the stress is
 
prescribed overthe entire boundary.
 
A second boundary-value problem in elasticity is a problem in which the
 
displacementcomponentsare prescribed overthe entire boundary surface.
 
A mixed boundary-value problem is a problem in which the stress components
 




Now weare going to develop the governing equationsfor elastic bodies under
 





































Note:Wedon'tneedto worry about eventhoughtitis notzero because does not
 








































Thefollowing governing equations are the mostconvient wayto solve second
 









^ 'dy\dx dy) ^
 
Equations(3)and(5)give acomplete system ofthree equationsin termsof ,and x^y
 
.This system ofequations are mostusefulforsolving first boundary value problem.
 
Wealready know the goveming equationsforthe three-dimensional problems.We
 
have 15equations and 15unknown quantities.The method we use tofind solutionsis to
 
seek expressionsfor the stress,strain,and displacementcomponents which satisfy these
 
equations and the prescribed boundary conditions.Theseequation groups,however,are
 
notconvientto apply,so we willreducethem to systemsofequations which are easier to
 
use in the various types ofboundary value problems.Here is how to do it.
 












































Where8=e^+8y+e^= du/3x+ d\ldy+ aco/Sz.
 
Together with the three equationsofequilibrium,we have asystem ofnine equationsand
 
nine unknowns.Wecanfurtherreduce the nine equationsinto three equationsin termsof
 
three displacementcomponents.Thiscan be done by substituting equations(7)into the
 















^2 2d »s2d 2d 
where V = + + 
dx dy dz^ 
Theequations(8)are called equationsofequilibriumin termsofdisplacementorNavier's
 
equations.These equations are much easier to apply.Once we obtain the solutionsfor u,v,
 




 Thecompatibility equationsintermsofstressin three dimensionsare
 
v72 1 o*"© V \dF^ SF ^F^ - dF^
V o^+- 1—i+—2.+^._2—i

l-¥V dx l-vydx dy J dx
 
1 d^@ dF^ dF \ 
—^ + —­
+■1+v dydz dy dz I 
The solutions for any linear elasticity problem are unique. This means for a given 
surface force andbody force distribution, there is only one solution for the stress 
components consistent withequilibrium andcompatibility.Now let'sproveit. 
Let ,Ty , be a given surface force .
 
Let ,Fy, F^ be a given body force.
 
Assume there are two sets of stress components whichboth satisfy the governing equations
 
andboundary conditions. Let the two sets of solutions be
 
and 
Now the first solutionmust satisfy the equilibrium equations 
do'^ _ dr; dx'^ 








v\' +• —-+ —- (x,y,z)
dy dz 

























Leta,=<-< , =0^-01, etc,
 




















From the aboveequations weseethere are no bodyforce and surfaceforceterms because
 
ofthe linear character ofequationsand the samebodyforcesand surfaceforcesappearin
 
both sets ofequations.It tells us thata body with zero bodyforces and zero surfaceforces
 











Therefore thetwo states ofstress are identical so thatthe solution is unique.This proofis
 
onlyforthefirstboundary - value problem(the stresses are prescribed onthe entire
 
boundary),butitis similarforthe second boundaiy - value problem.
 
In the above proofwe use the condition oflinearity.This only happensin linear
 
elasticity sincethe deformationisinfinitesimal,so allthe governing equationsand
 
boundary condition equations arelinearequations.(Anequationislinearifitcontainsonly
 
termsofup tothefirstdegree inthe dependentvariables and their derivatives).Wecan not
 





























d ^(du (A")! d \(dv
 
—|2G—+ | —+— I +F =0
iZU A —+— +—iG 

dx







u .d u ' d V „(?v „
 
2G 	 hA hA hG hG—T'^F =0
 
cjtc dxdy dydx dy
 
_ ^ 	u d^U . d\ _ d\ _ „ ­
G +G +A—+A +G +G—+F=0
 
(?x o!x c5tc dxdy dxdy dy
 
By grouping the similarterms,we have
 
Ad^u d^u\ d^u/. I. „

G —+—- +— A+G + A+G +F^ =0.






GV^v+(a+g)— —+— +F =0.
 
^ ^dy	 dx dy) '
 












wherekis a constant,representthe solution to a plane strain problem with no bodyforces
 
ifthe displacementcomponentsatthe origin are zero.Determinethe displacement
 
componentsand the restrainingforceinthezdirection.Whatsurfaceforce distribution
 




















=(2G+ X)8^+ X8y (1)
 














X8y =vkx(x+y)- kz^ (4)
 
Substituting equation(3)into equation(1),we have
 
























































































In the lastchapterwetalked aboutthe uniquenessofsolutionfor problemsin linear
 
elasticity.Canwereachthesameconclusioninfinite elasticity?Thatisthe main goalwe
 
willfocusonin this chapter.Wewill reach this goal by studying oneofthe most
 
interesting and striking problems infinite elasticity:acubeloaded uniformily overits
 






where B=F and p >0and jc are constants.
 
S=- Jt F"" + p F (2)
 
Wecallthe materialfieldSdefined by S=(detF)TF^the Piola-Kirchhoff stress.
 
LetB be acube withfaces paralleltothe coordinate planesand loaded by thethree
 
pairsofequaland oppositeforces withsome magnitude which is applied normally and
 




Soj= aoj (a=constant) (3)
 




Of 0 0 A, 0 0
 
S= 0 a 0 F= 0 A2 0 (4)
 
0 0a 0 0 A3
 










or jc =P?Vk^ - aX,^
 




so Xj =Xj or — =X^+ X.
 
Therefore Xj=X2 or T1 = Xj+X2 (6)
 
X2= X3 ti =X2+ X3
 










Thusa solution oftheform(4)is valid provided a and X;are consistent with(5)and(6).
 
First,assume a >0 (tension)
 








(p(X)= Xj X2 X3- 1
 























































= Xj= X3= 1 is the only solution.
 






when cp('n/3)<0,thereis nointersection on X axis.So there are no solutions.When
 




Xj=^3=X or Xj=^2sX or Xj=X3=X.When(p(i^/3)>0,there aretwo solutions.Butthere
 
are six other solutions with the samereasons asthe previous one.These resultsshow that
 
the solutions are notuniqueinfinite elasticity whichis nottrueforlinearelasticity thatwe
 
have showedin chapter5.Thisconcludesthatacubeloaded withlarge tension uniformly
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